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Abstract
Nonlinear vibration absorbers are eﬀective over a wider frequency band but the parameters deﬁning the absorber should be selected
carefully because the nonlinear systems exhibit solutions of diﬀerent nature. In this work, a harmonically excited single degree of
freedom system with a nonlinear absorber having hardening Duﬃng nonlinearity and a piezoelectric energy harvesting mechanism
is considered. The equations of motion are numerically integrated to understand the nonlinear dynamics of the system. The
periodic solutions are obtained by multi harmonic balance method. It is observed that proper selection of the system parameters
is necessary for reducing the vibration amplitude of the primary system and enhancing the energy harvested from the secondary
system. A multi objective optimization based on genetic algorithm is used to optimize the system parameters for reduction in the
amplitude of the primary system and enhancement of the energy harvested from the secondary system.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICOVP 2015.
Keywords: Nonlinear vibration absorber; Duﬃng nonlinearity; Multi harmonic balance; Genetic algorithm
1. Introduction
Energy harvesting from vibration is one of the important ﬁeld of research due to its wide application in power-
ing electronic systems by harvesting energy from its own working environment. Undamped and damped dynamic
vibration absorbers are used to reduce the amplitude of the primary system [1]. Ali et al. [2] investigated the possi-
bility of using a linear damped vibration absorber as energy harvesting device by attaching a piezoelectric inductive
mechanism. Using the ﬁxed point theory it was shown that proper tuning of input parameters lead to an optimized
vibration amplitude and energy harvesting. Studies by Roundy et al. [3] on linear vibration absorber with energy
harvester concluded that the system is less eﬃcient as the frequency band over which the energy harvesting possible is
small. Ramlan et al. [4], Harne and Wang [5] and Santon et al. [6] investigated the possibility of employing nonlinear
components in harvesting energy from coupled systems. The nonlinear components may be in the form of elastic
components exhibiting Duﬃng type nonlinearity or in the form of snap through systems.
In this work, the possibility of using a secondary system with Duﬃng type nonlinearity as a vibration absorber and
energy harvester is investigated. An eﬀort is made to obtain the optimal values of the system parameters for which
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the primary system has less amplitude of vibration and the amount of energy harvested from the secondary system is
large.
2. Model and Equations of motion
The schematic diagram of a harmonically excited linear oscillator (primary system) attached to a nonlinear system
(secondary system) and a piezoelectric energy harvester mechanism is shown in Fig. 1. Let m1, k1 and c1 are the
Fig. 1. Schematic diagram of a dynamic vibration absorber with energy harvester.
mass, stiﬀness and damping of the primary system. The secondary nonlinear system is characterized by the mass
m2, damping c2, linear stiﬀness k2l and nonlinear stiﬀness k2nl. The primary system is excited by a harmonic force
F cos(ωt) in which F is the amplitude of excitation andω is the excitation frequency. The displacements of the primary
and secondary system are given by x1 and x2. The piezoelectric energy harvesting mechanism is characterized by the
internal capacitance Cp and load resistance Rl . The equations of motion of the coupled nonlinear system are given by
m1 x¨1 + c1 x˙1 − c2(x˙2 − x˙1) + k1x1 − k2l(x2 − x1) − k2nl(x2 − x1)3 = F cos(ωt) (1)
m2 x¨2 + c2(x˙2 − x˙1) + k2l(x2 − x1) + k2nl(x2 − x1)3 − ΘV = 0 (2)
CpV˙ +
V
Rl
+ Θx˙2 = 0 (3)
where Θ is the electromechanical coupling constant and V is the voltage across the load resistor. The equations of
motion can be expressed in a non-dimensional form as
x′′1 + ζ1x
′
1 − μζ2(x′2 − x′1) + x1 − μβ2(x2 − x1) − μβ2α(x2 − x1)3 = X0 cos(Ωτ) (4)
x′′2 + ζ2(x
′
2 − x′1) + β2(x2 − x1) + β2α(x2 − x1)3 − χv = 0 (5)
v′ + λv + κx′2 = 0 (6)
with non-dimensional parameters ζ1 = c1m1ωn1 , ζ2 =
c2
m2ωn2
, μ = m2m1 , β =
ωn2
ωn1
, α = k2nlk2l , X0 =
F
k1
, τ = ωn1t, λ = 1CpRlωn1 , χ =
Θ
k2l
, κ = ΘCp ,Ω =
ω
ωn1
and v = VV0 . The various parameters are deﬁned as ζ1 and ζ2 are the damping factors, μ is the mass
ratio, β is the tuning ratio, α is the strength of nonlinearity, X0 is the static displacement, τ is the non-dimensional
time, λ is the reciprocal of time constant, χ is the non-dimensional mechanical coupling coeﬃcient, κ is the non-
dimensional electrical coupling coeﬃcient, V0 is a reference voltage and Ω is the non-dimensional frequency. The
number of primes denote the diﬀerentiation with respect to the non-dimensional time τ.
3. Parametric study
The equations of motion (4)-(6) are integrated numerically to understand the dynamics of the system for diﬀerent
parameter values.The frequency response for normalized displacement of primary system and normalized voltage are
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plotted. The excitation amplitude X0 is taken as 0.05. The value of ζ1 is kept constant as 0.08. The normalized
displacement of the primary system and normalized voltage for diﬀerent values of ζ2 are shown in Figs. 2(a) and (b).
The other values of parameters used are α = 0.1, μ = 0.1, β = 0.909, χ = 0.05, κ = 0.05 and λ = 1. From the frequency
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Fig. 2. Frequency response of primary displacement and voltage for diﬀerent values of ζ2
response one can observe that for a lower value of nonlinear stiﬀness α, the response shows behavior similar to that
of linear absorber explained by Den Hartog ﬁxed point method [7]. There will be an optimal value of ζ2 for which the
response will be minimum, beyond which the response increases. From Fig. 2 (b) one can observe that the harvested
power decreases for increase in the value of ζ2.
The normalized displacement of the primary system and normalized voltage for diﬀerent values of nonlinearity α
are shown in Figs. 3 (a) and (b). The other values of parameters used are ζ2 = 0.2, μ = 0.1, β = 0.909, χ = 0.05, κ =
0.05 and λ = 1. From the frequency response plots one can observe that the normalized displacement and power
harvested increases with increasing value of nonlinearity.
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Fig. 3. Frequency response of primary displacement and voltage for diﬀerent values of α
The normalized displacement of the primary system and normalized voltage for diﬀerent values of mechanical
coupling coeﬃcient χ are shown in Figs. 4 (a) and (b). The other values of parameters are ζ2 = 0.2, μ = 0.1, β =
0.909, α = 0.1, κ = 0.05, and λ = 1. From the frequency response plots one can observe that the normalized dis-
placement and power harvested decreases with increasing value of mechanical coupling coeﬃcient χ. The normalized
displacement of the primary system and normalized voltage for diﬀerent values of electrical coupling coeﬃcient κ are
shown in Figs. 5 (a) and (b). The other parameters used are same as that in the previous case. From the frequency
response plotted one can observe that there is only small decrement in normalized displacement and has large incre-
ment in power harvested with increasing value of electrical coupling coeﬃcient κ. The normalized displacement of
the primary system and normalized voltage for diﬀerent values of reciprocal of time constant λ are shown in Figs. 6
(a) and (b) with κ = 0.05 and other parameters same as in the previous case. From the frequency response plot one
can observe that there is only negligible variation in normalized displacement and has large variation in the power
harvested with increase in the value of λ.
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Fig. 4. Frequency response of primary displacement and voltage for diﬀerent values of χ
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Fig. 5. Frequency response of primary displacement and voltage for diﬀerent values of κ
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Fig. 6. Frequency response of primary displacement and voltage for diﬀerent values of λ
4. Harmonic Balance Method
Harmonic balance method (HBM) is a semi-analytical method to ﬁnd the periodic solutions of nonlinear vibration
systems. This method is eﬃcient compared to the numerical integration as it directly looks for the steady state solution.
In this method, the response of the system is assumed in the form of a truncated Fourier series. The response and its
derivatives are substituted in the equations of motion to obtain a residue. Galerkin procedure is applied to minimize
the residue and to generate nonlinear algebraic equations which are solved by Newton Raphson method to obtain the
Fourier coeﬃcients [8].
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For the equations of motion in Eqs. (4)-(6) assuming τ1 = Ωτ, the response x1, x2 and the voltage v can be
expressed in a Fourier series as
x1 = a01 + a11 cos(τ1) + b11 sin(τ1) + a31 cos(3τ1) + b31 sin(3τ1) (7)
x2 = a02 + a12 cos(τ1) + b12 sin(τ1) + a32 cos(3τ1) + b32 sin(3τ1) (8)
v = a03 + a13 cos(τ1) + b13 sin(τ1) + a33 cos(3τ1) + b33 sin(3τ1) (9)
Substitute Eqs.(7)-(9) in Eqs.(4)-(6) to obtain the residue R followed by the Galerkin procedure
∫ 2π
0
{
cos(nτ1)
sin(nτ1)
}
dτ1 = 0, n = 0, 1, 3 (10)
The nonlinear algebraic equations thus obtained are solved by the Newton-Raphson procedure
Anew = Aold − J−1R (11)
where A is the Fourier coeﬃcient vector and J is the Jacobian matrix. The procedure is continued till a convergence
criteria ‖R‖ <  is satisﬁed.
The procedure is applied to the considered system with the following parameters α = 0.1, μ = 0.1, β = 0.909, ζ1 =
0.08, χ = 0.05, κ = 0.05 and λ = 1. The frequency response of the maximum value of normalized displacement and
normalized voltage are plotted for ζ2 = 0.1, ζ2 = 0.3and are shown in Figs. 7 (a) and (b). The HBM results are shown
by the continuous line and are validated by the numerical integration marked by the symbol ’•’. It is observed that the
numerical results agree well with that of HBM.
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Fig. 7. Frequency response of primary displacement and voltage.—– HBM, • NI
5. Optimization Procedure
The parametric study conducted in the section (3) revealed the conﬂicting requirement of minimizing the response
of the primary system and maximization of the energy harvested from the secondary system. Therefore an optimiza-
tion procedure is necessary in order to calculate the optimized parameters which satisfy the above requirement. The
parameters to be optimized are β, ζ2, χ, κ and λ. Since the optimization involves both maximization and minimization
of two objective functions f1 and f2 it is considered as a min-max problem. The problem can thus be converted as a
minimization problem with objective function f
Min f = f1 − f2 (12)
f1 = Xnorm = min
x1
X0
(β, ζ2, χ, κ, λ) (13)
f2 = Vnorm = max
v2
X0
(β, ζ2, χ, κ, λ) (14)
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The constraints are deﬁned with respect to the parameters as
0.7 < β < 1, 0.1 < ζ2 < 0.5, 0.01 < χ < 0.1, 0.01 < κ < 0.1, 0.5 < λ < 1.2 (15)
The range of the constraints are selected with reference to the parametric study conducted in section (3). The compo-
nents of the objective function x1X0 and
v2
X0
are obtained from the HBM discussed in section (4). The other parameters
are taken as ζ1 = 0.08 and X0 = 0.05. The objective is to minimize f1 and maximize f2. The later can be expressed as
minimization of − f2.
The bi-objective optimization problem is solved using Genetic Algorithm (GA) which optimize the parameters
β, ζ2, χ, κ and λ bounded as given earlier in Eq.(15). Genetic algorithms are computerized search and optimized
algorithms based on natural selection. The operation of GA begins with a population of random strings representing
the decision variables. The population is then operated by three operators called reproduction, cross over and mutation
to create new population of points. The new population is further evaluated, and this process continues till termination
criteria is met. Fig. (8) shows the ﬂowchart representing the working of GA.
Fig. 8. Flow chart showing the working of genetic algorithm.
The procedure is applied to the considered example for diﬀerent strength of nonlinearities α. Three diﬀerent cases
are considered α = 0, 0.1 and 0.5. The optimized parameters obtained in these cases are shown in Table.1
Table 1. Optimized parameter values for diﬀerent α.
case β ζ2 χ κ λ
α = 0 0.8897 0.4859 0.0820 0.0960 0.9751
α = 0.1 0.7878 0.2467 0.0270 0.0906 0.8607
α = 0.5 0.9752 0.1499 0.0774 0.0594 0.7897
The normalized displacement and normalized voltage as a function of Ω for the three cases are shown in Figs. 9
(a) and (b). In Fig. 9 (a), the frequency response of the original single degree of freedom (sdf) system is also shown.
It can be observed that the amplitude of the vibration of the primary mass is reduced with the addition of secondary
system. In all the three cases Fig. 9 (b) clearly shows that substantial amount of energy can be harvested from the
secondary system. The parametric inﬂuence on the vibration absorption capacity and the amount of energy harvested
is clearly visible in the plots. The frequency band over which the absorber is eﬀective can also be increased by the
addition of nonlinear absorber.
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Fig. 9. Frequency response of primary displacement and voltage for diﬀerent values of α for optimized parameters given in Table.1
6. Conclusion
In this work, the vibration absorption and energy harvesting capability of a nonlinear vibration absorber with Duﬀ-
ing type nonlinearity is investigated. The secondary system is attached to a harmonically excited linear single degree
of freedom system oscillator. Initial parametric study based on numerical integration revealed conﬂicting requirement
of minimization of primary system displacement and maximization of energy harvesting from the secondary system
which need proper choice of system parameters. A bi-objective optimization problem based on Genetic Algorithm
is formulated for the purpose of optimizing the parameters. The objective function are formulated based on a multi
harmonic balance frame of work. The optimization algorithm provided optimize parameters for the secondary sys-
tem and the energy harvester mechanism which substantially reduce the primary system amplitude and enhanced the
energy harvesting. The study is conducted for diﬀerent strength of nonlinearities.
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